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Methods
Simulated classical Annealing
Simulated annealing is performed using a single spin flip Metropolis algorithm. In
Fig. S1, we linearly decreased the temperature from T = 3 to zero as a function of time as
done in Ref. (19). This schedule produces very similar results as a linear increase of the
inverse temperature from β = 1/3 to β = 10 and we use this second schedule for all other
results.
Simulated quantum Annealing
To perform simulated quantum annealing by path integral quantum Monte Carlo (QMC)
simulations we split the inverse temperature β = 1/kBT into M “imaginary time” steps
∆τ = β/M and apply a Trotter-Suzuki decomposition (31, 32) to the thermal density
matrix exp(−βHq) = exp(−∆τ·Hq)M . This results in a mapping of the partition function of
the quantum system to that of a classical system consisting of a stack of M replicas of the
original system. Each of these replicas corresponds to one imaginary time step in DTSQA. Within each replica the spins are coupled by renormalized Ising couplings Jij/M
and the transverse field gives rise to an additional “time-like” Ising coupling of strength
Jτ = − 1/(2β) · log tanh (Γ∆τ) between spins in adjacent replicas.
Thermal equilibrium properties of the quantum system can be sampled by simulating this
equivalent classical system, and SQA can be performed by varying the transverse field
strength Γ(t), which changes the coupling between time slices. In our simulations, the
transverse field Γ is decreased linearly from Γ(0) = 2.5 to zero. The time discretization
error vanishes at the end of the annealing schedule when the transverse field is switched
off and all remaining terms in the Hamiltonian commute.
Segment updates: In both DT-SQA and CT-SQA we perform cluster flips of segments in
imaginary time for better efficiency and use periodic boundary conditions in all
directions. For any finite temperature, the probability to form clusters of length τ in CTSQA is simply given by taking the limit M → ∞ of the probability to form τ · M bonds
along the imaginary time axis in DT-SQA. The times τ which divide adjacent clusters of
the same spin orientation, can thus be generated directly according to the exponential
distribution f(τ) = βΓ·exp(−βΓτ).
Reproducing the results of Ref. (19): Fig. S1 shows our reproduction of the results of
Ref.(19). The initial state for DT-SQA in Ref. (19) has been prepared by precooling:
Initializing a classical system with a random configuration, SA is used to thermalize the
system at a temperature 1/β. For this thermalization, we decrease the temperature linearly
from T(pre) = 3 to 1/β using 100 Monte Carlo steps (MCS). Prior to starting the simulated
quantum annealing process, each replica is then initialized with the state of the
thermalized classical system. Comparing the DT-SQA curves with and without
precooling (see Fig. S1B), we find that precooling only results in constant offset but does
not improve the scaling. We thus omit precooling from our simulations.
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SQA as Classical Optimizer versus a physics simulation: There are a few crucial
differences in running SQA as a physics simulation or a classical optimization algorithm,
which we summarize here for completeness. Firstly, when using SQA as a classical
optimizer we can tune the number of time slices M to optimize the performance, while as
a physics simulation we need to take the continuous time limit. Secondly, when run as a
classical optimizer we can scan all M time slices for the configuration with lowest
energy, while as a physics simulation we need to either measure on just one random time
slice or average over all time slices. Finally, when calculating the performance of SQA as
a classical optimizer we need to multiply the annealing time as given in number of MCS
by the effort for one MCS, which is proportional to the number of time slices M in DTSQA or the extent of the imaginary time direction β in CT-SQA.
For performance reasons we used DT-SQA instead of CT-SQA when discussing
properties of a physical system in Fig. 4B. We took care to choose the Trotter number M
large enough for convergence to the continuous time limit. Specifically, we used 1984
Trotter slices for β = 128, 768 for β = 64, 256 for β = 32, 128 for β = 16 and 64 for all
lower values of β. Our estimate on the required number of Trotter slices is based on the
convergence at M = 128 for β = 20 shown in Fig. 3A in the main text and a scaling of the
Trotter error with β3/M2. A comparison between Fig. S3 and Fig. S4 shows that these
estimates were indeed reasonable.
Implementation details: In order to make an efficient implementation of DT-SQA, we use
individual bits in integer variables for storing the spins. Bit manipulations can then be
used to build and update clusters along imaginary time. For each spin, we build clusters
by using the algorithm in Ref. (33) to break segments of the same spin orientation into
smaller pieces. At the beginning of the schedule, all Trotter slices are weakly coupled and
only very small clusters are present. As the cluster size only increases significantly late
during our schedule, using forward computation of the energies – saving and updating
local energies – throughout the algorithm increases its performance. Finally, we
approximate the exponential function as in Ref. (34). This approximation estimates the
exponential function with a relative error up to 3.5%, but if one corrects the result using a
256-element lookup table the error can be reduced to 0.01% (and 0.001% using a 4096element lookup table). We found that even a much large error in the calculation of the
exponential would, in general, not significantly change the behavior of the algorithm.
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Supplementary Data and Figures

Fig. S1. Reproduction of the main result of Ref. (19).
Shown is the dependence of the residual energy Eres on the annealing time ta . A) The
residual energy Eres for SA, DT-SQA and B) CT-SQA, both for the square lattice Ising
spin glass instance of Ref. (19) with 6400 spins. The annealing time ta is in units of
Monte Carlo steps (MCS), corresponding to one attempted update per spin. Eres and error
bars are obtained by averaging over forty annealing runs. For SA, the best results of 32
independent simulations are shown additionally, such that the computational effort for all
data in B is roughly the same.
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Fig. S2. CT-SQA simulations of SQA as a classical optimizer
The residual energy as a function of computational effort averaged over 1000 random
disorder realizations using CT-SQA, complementing Fig. 4A in the main text. We note
that, adjusting the temperature depending on the total annealing time, even CT-SQA can
marginally outperform SA when used as a classical optimizer.
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Fig. S3 Minimal residual energy over all time slices
Shown is the minimal residual energy along imaginary time, instead of averaging the
residual energy shown in Fig. 4B in the main text. The same number of Trotter slices as
in Fig. 4B for each value of β is used and the results are averaged over a 1000 random
disorder realizations. Comparing to Fig. 4B indicates that the protocol for measuring the
final energy has a significant impact on the results.
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Fig. S4. Dependence of the residual energy on temperature
This figure shows the temperature dependence of the minimal residual energy with CTSQA, complementing Fig. 3B in the main text. While we have good correspondence
between CT-SQA and DT-SQA for β < 20, comparing the curves for lower temperatures,
shows a slower decrease of the residual energy with annealing time for DT-SQA. The
fact that by decreasing the temperature low energies can be reached also for CT-SQA is
encouraging for a potential limited speedup (23) of SQA over SA in the zero-temperature
limit.
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