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tion will always be satisfied if the inhibitory field spreads at a constant rate.
But if the fields can freely interpenetrate, it is also true that the fields associated with any and all structures in
U' will reach P by t. Therefore Fe will
not be covered by inhibitory field at
time t if and only if U' is free of structures. Thus we can calculate 01(t)tl the
probability that a randomly chosen
point is not covered by an inhibitory
field at time t, and equivalently the expected fraction of points and hence
length not covered by inhibitory fields
at time t, by writing L(t) = 2v(t - t) in

Eq. 2, obtaining
oi(t)

Dynamics of Expanding Inhibitory Fields
Consider first an infinite one-dimensional system. If a line segment of
length L is marked off at random on a
line containing randomly distributed
structures of density Xj, then the probability R that no structures will be found
within the segment is given by the zerocategory Poisson term e\4L. Equivalently, if structures are being formed
along a line at the rate Fj1l-1t-1), then
the probability that no structures will
be formed within the segment of length
L in the time t will be e-F,Lt. If L is
not constant, but is a continuously varying function of time, this probability is
given by

=kd(Fdl ,)dl(d + 1)
where d is the dimensionality of the
system, Fd (units: I-dt- 1) is the rate of
random structure initiation, v(lt- 1) is
the rate at which the inhibitory fields
spread, and kd is a dimensionless cont
stant which depends on d. Although
R
=
exp
[F,
(2)
fL(t)df]
Glass was unable to find explicit expres0
sions for the kd, he did find by computThe integral defines a space-time volume
er simulation that for d = 1, k1
0.830.
U; R is then the probability that no
By attacking the problem in a differ- structure is located in U.
Consider now an infinite one-dimenent manner, I have obtained expressions
for the fraction of area covered by in- sional system free of structures at time
hibitory fields at time t and for the t = 0. Note that if no structure is
expected density of structures at time t. formed closer to a randomly selected
The value of kd in Eq. 1 is then easily point P than a distance vi before time
(t - ), then no field can have reached
obtained.
Two cases must be examined. In the P by time t. By use of the above argufirst, the fields may interpenetrate freely, ments, it can be seen that a space-time
and thus do not interfere with one an- volume U' can be defined for this probother's growth. In the second, a field lem such that if no structure is formed
stops growing upon contact with the within U', then point P will be free of
edge of another field: there is no further inhibitory fields at time t. The volume
growth of either field along the arc of U' is calculated in the present case
where they intersect. Fortunately, in the by letting L(S) = 2v(t - e). The prdbasituation in which the fields grow at bility that no structure will be formed
a uniform rate, the solutions of these within U' is then given by Eq. 2 provided
two cases are the same. The former that all of U' is available for structure
case, in which the fields can interpene- formation (that is, that no part of U'
trate freely, is mathematically simpler is occupied by field associated with
some structure outside U'). This condiand will be explored first.
n
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[- F'1

)df2v(t
0

(3)
= ep I'2
We can use Eq. 3 to calculate the
density of structures n1(t) at time t.
Since the rate of structure formation per
unit length not covered by inhibitory
fields per unit time is F1, it follows that

dnt
so that the
t is

= Fiqi
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Glass (1) has discussed certain statistical properties of systems in which
random initiation of structures is followed by the establishment around each
structure of a growing zone of inhibition within which new structures cannot be formed. Glass found that the
saturation density of structures (n*) in
systems in which the inhibitory field
spreads at a uniform velocity is given by

= exp

(4)

density of structures at time

ni(t) =

fFibidt
0

(5)

The saturation density nj* is simply
the limit of n, as t -* o0, so that
00

*
f Fvidt
ni=

=

(Ir/4)½V2(FI/v)½)"

0

(6)

Thus k, in Eq. 1 equals (7r/4)%
0.886, which is in good agreement
with Glass's computer estimate (2).
This method is readily extended to
higher dimensions by replacing L(t) by
an appropriate higher-dimensional form.
For example, in two dimensions F1
(I-1t-1) is replaced by F.,(l-2t-')
and L(t) by a two-dimensional target area A(t) = 7rv2(t_
-)2. Thus in
two dimensions the time course of
areal coverage by inhibitory fields is
given by
-

02(t) = exp(-7rF2ov't/3)
from which it follows that
n2(t) = f F2-qSt

a

(7)

(8)

D

whence
00

n2*

=

(7r/3)-15(F2/v)2/3 f e-"ad

(9)

0

where r, is a dummy variable.
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In d dimensions we replace F1
(I-1t-1) with Fd(L-dt-1). Since the
volume of a hypersphere of unit radius
in d dimensions is 0d = ,rd/2/P[(d+
2)/21 (3), it follows that L(Q) can be
repl-ced by the d-dimensional volume
Vd(t)

= 'WdV (t -

t)

so tnat

Pd(t) = exp[-FdwdVdtd+h/(d + 1)] (11)
By use of a change of variables Dq =
[Fdwdvd/ (d + 1)]1/(d + 1)t, we can obtain immediately

n*=[Wd/(d + 1)]-d +
d

1 X
x

(Fd/V)d + 1J

e-

d+]d.q (12)

0

1

Xo

kd =[wd/(d+ 1)]Vd+1lfe-d+idn
0

Wd d+I(d+1) d+ 1(d+ 1

(13)

The case where field expansion stops
upon contact with another field can
now be considered. I will demonstrate
that if growth proceeds at the constant
rate v, the solution in the case in which
field growth stops upon contact is identical to that in the case where fields can
interpenetrate freely. Thus, it will be
shown that Eqs. 1 1 to 13 represent
analytical solutions to the problem
posed by Glass (1), regardless of
whether or not the fields can interpenetrate.
A demonstration of the identity of
solution of the two cases can be based
on Huygens' principle (4), which states
that each point on an advancing wave
front can be considered as a new point
source of waves. In our case, we can
consider each point covered by an inhibitory field at a particular time to
be,. a focus from which a new field is
spreading. Since the rate at which the
field spreads is a constant, and so is
independent of the age of the field (or
ages of the fields, in the case of interpenetration) at a point, the field radiating from each point spreads at the
same rate.
There are two sets of points covered
by a field: those on the edge of the field
(boundary points) and those inside (interior points). Since the fields of the
1 FEBRUARY 1974

Glass (1) presented a model wherein
regularity appeared in the spacing of
randomly initiated structures. The regularity arose from the assumption that a
affect the spread of the inhibitory fields structure, once formed at a point,
into areas not covered by field. Once a produces a growing inhibitory field

boundary point becomes an interior
point through the coalescence of two
previously disjunct fields, it cannot affect the further evolution of the system.

about it in which new structures may
not start. The process starts with a

Thus it does not matter whether the
field stops growing or continues growing when it contacts another field: The
point of contact has become an interior
point and no lo.nger influences the dynam.cs of the system.
This proof is valid in all dimensions,
so that Eqs. 11 to 13 constitute a solution to the problem when growth rate
is constant regardless of whether or not
the fields can interpenetrate.
Glass (1) originally formulated this
problem with reference to questions of
structure dispersion in many disciplines.
My interest in this problem is more restricted: I have been studying the
colonization dynamics of organisms
which grow radially and compete for
space. For this reason I have found it
desirable to distinguish the two cases
which might arise, that in which field
interpenetration occurs and that in
which there is no field interpenetration. Mathematically, this distinction is
not necessary when the growth rate is
constalnt, since then the solution to both
cases is the same in all dimensions. But
the fact that two distinct cases exist
mus.t be kept in mind if these methods
are to be applied in situations in which
the rate of spread of the inhibitory
field is a function of structure age; in
these situations the Huygens argument
does not apply, and the solutions to
the two cases may be different.
ROBERT A. ARMSTRONG
Department of Ecology and Behavioral
Biology, University of Minnesota,
St. Paull 55101

the entire space. One of the central
problems of the model is the calculation
of the mean number of structures
formed at saturation. The result depends
on the dimensionality of the space and
on the assumption made about the
growth of the inhibitory field (that is,
two modes of growth were considered,
constant velocity and diffusion). The essential parameters of the theory are F,
the rate of formation of new structures
per unit volume, per unit time, and v,
the velocity of growth of the inhibitory
field (or D, the diffusion constant, in the
case of the latter growth model). Glass
presents arguments that the average
number of structures formed in the
process is given by
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fully available (white) volume and ends
when the inhibited (black) regions cover

N* =

F\ d/(d+l)

kd( -)

(1)

v

for the uniform velocity case and
F d/(d+2) v
N* =- A'd _)

(2)

for the case of diffusion. Here d is the

dimensionality and V the volume oif the
space in which the process occurs.
Estimates are presented for k1 and verified by computer simulation.
In this comment, I will show how the
kd and k',, may be calculated analytically
and we present the results for one-,
two-, and three-dimensional spaces. In
addition, we state results that may be
obtained by similar methods for the
average distribution of lengths of white
intervals in the one-dimensional, uniform velocity case.
The basis of the analytical calculation
is the recognition of the fact that the
quantity 0(t), defined by Glass as the
average fraction of the line that is
white at time t (and still available for
the formation of new structures), is also
the probability that a typical point is
still white. For the uniform velocity
model, neglecting end effects, the probability that a point is white at time to is
equal to the probability that no new
structure was initiated in an isosceles
triangle in x-t space, whose base is of
length 2vt,, and altitude is. to, (see Fig. 1).
If no initiation takes place in this
445
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Thus the functional dependence of n*
on (Fd/V)(I/(d + 1) expressed in Eq. 1
is confirmed, and the values of Glass's
constant kd are given by

interior points spread at the same rate

as those of boundary points, the fields
of interior points can never grow past
the boundary, and therefore can never

able to obtain any analytical results
about the correlation among centers of
structures.
JULIUS L. JACKSON
Department of Chemical Engineering
and Material Sciences,
Wayne State University,
Detroit, Michigan 48202

region the typical point under consideration will still be white at time to. The
equation of the sides of the triangle is
X

Xo ±
+

-

(t.

-

(3)

t)

If we break up the time interval (0, to)
into small ones dtl, dt2, . . . dtj, . . .
dt., then the probability that no initiations have occurred in any of the
"strips" into which the triangle has been
divided is

it,
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qb(tW)

r[

j= 1

[I - 2Fv(to - tj)dtj] (4)

Taking the natural logarithm of Eq. 4,
we get

lno (t)

Fig. 1. Region x-t space in which no initiations may occur for x. to be white at time
to.

The numerical values of the kd and k'd
are

=
n

Z ln[I - 2Fto -

t,j)dt,]

(5)

We see that the analytical result for

k1, 0.8862, is within the limits (0.707,

to

lno(to) =-f 2Fv(to - t')dt'

(6)

-0

from which
(7)
qo(t) = e^-FP 2
As the average rate of formation of
new structures is equal to the product
of F with the available white length,
we have
= FLe-Fit'
dt-

dN

(8)

Integrating from t = 0 to t = cc, the
result for the average number of structures formed in the process is
N*= L 2(v
2 (
= 7r%/2 = 0.8862.

(9)

whence ki
The same procedure may be followed for any number of dimensions
and for either diffusion or constant
velocity growth. Glass's formulas, Eqs.
1 and 2, are verified and the results
for the k,, and k'd are

(d+ I) d+1

(13)

l)!

(10)

1.225) predicted by Glass in the portion
of the text which follows his equation 8.
It is to be compared with the value of
0.830 which he obtains by means of
computer simulation.
As pointed out by Glass, our Eq. 8
and his equation 1 should be valid only
in the limit of L going to infinity. For
(v/F)'/2 not negligible with respect to
L, k, may be a function of L and there
may indeed be a real discrepancy between the analytical results presented
here and the results obtained in a computer simulation with a finite L. Further
analytical results may be obtained by
similar methods. If s(l,t)dl is the number of white strips along the line with
length between 1 and 1 + dl, one may
show that
(14)
s(l,t) = L(Ft)2e-Fvt2e-Ft
and the total number of white sequences
at time t is
00

s(t) = 5 s(l,t)dl =LFte-Vt

(15)

At present, however, we have not been

(5).
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For sufficiently small dtj, the logarithm
may be expanded and the sum replaced
by an integral with the result

k, = 0.8862 k2 = 0.8794 k, = 0.8960
k'2 = 0.6617 k'., = 0.3535 k'3 = 0.2463

I proposed in my report (1 ) that
regular spatial patterns of structures can
be generated by a process of random
structure initiation followed by locally
spreading inhibition which prevents new
structure formation in ever widening
regions surrounding each structure. Professor B. N. Boots of the Department
of Geography, Columbia University, has
informed me that this model, which I
believed to be novel, was previously
proposed as a mechanism for phase
transformations in solids (2). Armstrong's and Jackson's results for the
saturating densities for systems with inhibitory fields expanding with constant
velocity are in agreement with previous
computations (3). The model has also
been applied to study the kinetics of
phase transformations in solids (4)
and dynamic processes in geography
LEON GLASS

Institute for Fundamental Studies,

Department of Physics and Astronomy,
University of Rochester,
Rochester, New York 14627
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and

k'= | (y)d+2 (d +2) d+2 (2

2 )
(11)

Here C,, are constants associated wi-th
the volume elements in d-dimensional
space and are given by
C24
C4=2;
446

CS 6= 4

(12)

Analysis of Neutrality in Protein Polymorphism
Yamazaki and Maruyama (1) used
published gene frequency data in conjunction with some theoretical calculations to conclude that the data in
question yield evidence in favor of the
"neutral mutations theory." We have
severe reservations about a number of

the theoretical calculations used by
them. Here we discuss two of these
points, relating respectively to calculations on mutation rate and to the
problem of population structure and
subdivision.
We review first the mathematical
SCIENCE, VOL. 183
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