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flow simulations are preserved in a movie-like
manner. Such data sets have enabled the
verification of phenomenological descriptions
that eventually feed into dynamical models.
We analyzed data from a direct numerical
simulation of turbulence in a triply periodic
cube, obtained by solving the Navier-Stokes equations for an incompressible fluid by means
of a deterministically forced and statistically
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steady pseudo-spectral code (25). An important
length scale in turbulent flows, h, is given by
To the naked eye, turbulent flows exhibit whirls of many different sizes. To each size, or scale,
h = n3/4/e1/4, where n is the kinematic viscosity
corresponds a fraction of the total energy resulting from a cascade in five dimensions: scale,
and e is the mean rate of kinetic energy distime, and three-dimensional space. Understanding this process is critical to strategies for
modeling geophysical and industrial flows. By tracking the flow regions containing energy in
sipation. This small-scale length is associated
different scales, we have detected the statistical predominance of a cross-scale link whereby
with the tiniest whirls of turbulence. Our (2p)3
fluid lumps of energy at scale D appear within lumps of scale 2D and die within those of scale
computational domain spanned (1516h) 3 in
D/2. Our approach uncovers the energy cascade in a simple water-like fluid, offering insights for
space
pand
ﬃﬃﬃﬃﬃﬃﬃﬃ lasted 2090 small-scale time units
turbulence models while paving the way for similar analyses in conducting fluids, quantum
t ¼ υ=e . Expressed in terms of large-scale
fluids, and plasmas.
length and time units Lint and Tint (25), respectively, the simulation spanned (5.3Lint ) 3
responsible for the changes in energy at a point
erhaps no other area of physics research
and 66Tint, with snapshots stored every 0.078t.
(17, 18), or they make no use of time, thus prehas borne the influence of a rhyming verse
Although previous simulations have surpassed
our Reynolds number Lint /h = 284, our long yet
cluding any dynamical information or knowlmore than turbulence, where Richardson’s
temporally resolved data set with a sizeable scale
edge of causality (19–23). Often both limitations
“Big whirls have little whirls that feed on
are combined. A noteworthy exception found a
separation allowed us to statistically characterize
their velocity, and little whirls have lesser
delay in the peak of the correlation between
a phenomenon by tracking many flow regions
whirls and so on to viscosity” (1) is embedded
throughout their life.
energy at two different scales when following
in the seminal theory of Kolmogorov, Onsager,
the larger-scale flow (24), suggesting that eddy
The tracked flow regions that we now introduce
von Weizsäcker, and Heisenberg (2–5). The last
structures transfer their energy to smaller scales.
in detail underpin our definition of whirls or
three physicists transcribed the phenomenology
In the wake of that study, we aimed to follow
eddies. We isolated a range of scales by filtering
in terms of wave numbers, which were to bethe velocity fields with a spatial band-pass filter.
individual eddy structures. This has become poscome the predominant tool in theoretical studies
sible with modern data-storage facilities where
Owing to the homogeneity of the flow, we used
of the energy cascade (6–10). Consequently,
an isotropic filter to simplify the conscale and wave number became almost
cept of scale to a single scalar D. We
interchangeable concepts. A crucial point
set the center of the filter band at the
in the development of theories was
chosen scale D and used bands of
the scale locality of the cascade, underconstant width on a logarithmic scale
stood in terms of how close wave num(15). The upper and lower edges of
bers are when energy is exchanged
the band resulted from subtracting
between them (11). Since the advent of
two low-pass Gaussian filters (25).
computer simulations, the locality of
We focused on four scales from the
these wave number interactions has
geometric sequence D/h = (30, 60,
been controversial, with studies claiming
120, 240). This led to four time series
evidence in favor of (12) or against (13) it.
of the dynamics of the flow, one for
Rigorous explanations proposed for these
each scale. The object of our study
discrepancies (14, 15) advocate for the
was a scalar quantity, the kinetic energy,
classic scale-local view of the cascade.
which evolved in time t, scale D, and
The debate, however, has turned prethree-dimensional space (x, y, z). The
dominantly around the equivalence bekinetic energy at a scale is half the
tween wave number and scale, ruling out
sum of the squared filtered velocity
any possibility of attributing the ongoing
components. The flow structures in
cascade to specific whirls visible where
Fig. 1 are geometrically connected
the flow actually evolves: the real space.
regions of space where the energy is
Furthermore, computer simulations of
above a given threshold [movie S1
industrial and atmospheric flows are
(25)]. We chose the threshold syscarried out on numerical grids repretematically in the same way for all
senting physical space and rely heavily
scales on the basis of the percolaon the modeling of the interaction betion properties of the energy at that
tween the resolved (large) and subgrid
scale (25, 26). We further time-tracked
(small) scales (16).
these flow objects by using a techStudies of the interscale energy transnique developed for the tracking of
fer based on real-space quantities share
coherent structures in turbulent
one of two limitations. They either focus
channel flows (27). Whereas generon a subset of the source or sink terms Fig. 1. Energy-eddies at four different scales D for the same
instant in a numerical simulation of turbulence in a periodic
ally an object was born small as the
cube. A time sequence is shown in movie S1 (25). The flow structures
underlying energy exceeded the thresSchool of Aeronautics, Universidad Politécnica de
observed are the spatially connected regions of the flow where the
hold and died small as its intensity
Madrid, 28040 Madrid, Spain.
energy at scale D is above a certain threshold (25).
decreased, an object often merged
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Xi¼N
RðA; BÞ ≡

i¼1

that curves based on combinations where A = 2B
peaked toward the death of the scale-A eddies,
whereas with A = B/2, the peak was closer to their
birth. This statistical signature shows unequivocally
how the eddies of a given scale originate from
eddies of twice their scale, whereas they give rise
to eddies half their scale before disappearing. This
0

10
0

10

−2

10

Δ = 30η
Δ = 60η
Δ = 120η
Δ = 240η

−2

10

−4

10

−5

−3

10

10

−4

10

−1

1

10

−1

−2

10

10

10

0

10

1

10

Tlife / Teto

mean(Vol) / Δ3

Fig. 2. Mean volumes and lifetimes of the eddies. Probability density functions of (A) the mean
volumes and (B) the lifetimes of the eddies. The solid black line in (B) follows a log-normal
distribution with a mean of 0.8 and a standard deviation of 1.3. The volumes used for (A) are the
average over each eddy’s lifetime.

Fig. 3. Sketch illustrating the intersection ratio between eddies of scale A (orange) and B
(blue). (A and B) R(A, B) for the largest of the two eddies of scale A in (A) is given by the sum of the
blue areas in (B), divided by the union of the blue and orange areas in (B).

Vi ðA∩BÞ

V ðAÞ

where V(A) is the volume of the eddy of scale A,
and Vi (A∩B) is the intersection volume between
the eddy of scale A and the ith intersected eddy
of scale B (Fig. 3). This ratio is unity if the eddy
of scale A is fully contained within one or more
eddies of scale B, whereas it vanishes when N =
0 in the case of no intersections. We thus
quantified how the field of scale-B eddies filled
up individual eddies of scale A, which we
followed.
We considered whether the intersections depended on the scale and on the stage in the life
of the eddies. We split the lifetime of each scale-A
eddy into equal fractions, or life stages. We then
computed the mean intersection ratio Rm(A, B)
conditioned to a given life stage (25). We normalized the result by the corresponding null hypothesis (Fig. 4A), which showed intersection levels
higher than random for those scale combinations
Cardesa et al., Science 357, 782–784 (2017)

separated by a factor of 2 (orange and blue curves).
The intersections between eddies of scales further
apart did not show a trend that was distinctly
different from the null hypothesis, indicating little
or no spatial overlap. We then normalized the scale
combinations separated by a factor of 2 with their
corresponding maximum (Fig. 4B), which revealed
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Fig. 4. Mean intersection ratio Rm(A, B) between scales A and B at different stages of the lifetime of scale-A eddies. Scales (1, 2, 4, 8) in the legend correspond to D/h = (30, 60, 120, 240),
respectively. (A) Normalized by the mean intersection level obtained by randomly locating fields B with
respect to A (null hypothesis) (25). Unity implies a random intersection level. (B) Same as (A) but
normalized by the maximum, keeping only A and B combinations separated by a factor of 2. Error bars in
(A) and (B) represent 95% confidence intervals (31).
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with or split from other objects during its life.
We grouped objects related by a connection at
some point in space-time within the same temporal graph (27). We called a graph emerging
from this grouping an energy-eddy, or simply
eddy, because it was educed according to the
intense kinetic energy that it traced. We defined the scale of the eddy as the center D of the
filter band that we used to compute it, the
volume (V) as the sum of volumes of all objects
of a graph existing at a given instant, and the
lifetime (Tlife) as the time elapsed between the
birth and death of the first and last object within
the graph, respectively.
The volume distributions collapsed onto a
single curve over a fairly wide range (Fig. 2A) with
scaling parameter D, after neglecting the tails.
The lifetime distributions scaled with the local
eddy turnover time Teto = D2/3e–1/3 (Fig. 2B), found
by assuming that for a range of scales where
Lint ≫ D ≫ h, the only relevant parameters are e
and D (2). The collapse of the probability density
functions (Fig. 2B) supports that Teto is indeed
a scaling parameter over a range of lifetimes,
excepting the short-lived small-scale eddies for
which viscosity cannot be neglected. A lognormal distribution resulted from a nonlinear
fit to all our data (Fig. 2B), where the mean and
standard deviation were the fitting parameters
minimizing the difference. The parameters were
0.8 and 1.3, respectively, so that the average
eddy lifetime is of the order of Teto. Overall, the
picture that emerges lends support to the eddy
definition based on the observed scaling properties of the eddy sizes and lifetimes.
Our four time sequences provide the spacetime position of the eddies at four scales. By
superposing contemporary fields from any two
scales at a time, we linked those two scales by
computing their intersection in space. We defined the intersection ratio for a single eddy of
scale A intersecting N eddies of scale B at a
given instant
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approach has led to an observation and not to
the identification of the physical process causing
it. We can now, however, design a study targeting
those regions in space-time where the energy
cascade takes place to understand the causes.
Lastly, our method was applied to a simple flow,
but nothing prevents its use in more complicated
cases with additional nonlinear terms. The presence of rotation, compressibility, conductivity, and
quantum effects complicates the energy cascade
considerably, leading to areas of turbulence research where Richardson’s verse is a more limited
part of the story. Our approach could yield advances in those fields, particularly as the required
data become available through numerical simulations (28–30).
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process replicated itself through four successive
scales, each separated by a factor of 2, which suggests that a scale-local progression of the energy
from the large to the small scales is, at the very
least, a transited cascade path in homogeneous
three-dimensional turbulence.
The results show that energy is transferred to
the smaller scales overall. This average trend is
often labeled as a forward, or direct, cascade. Some
individual eddies, however, follow opposite paths.
To illustrate this point, we used a crude definition
of a forward cascade event as an individual eddy
of scale A for which R(A, B) averaged over the
first half of Tlife is larger than R(A, B) averaged
over the second half of Tlife, taking A = B/2. This
occurred twice as often as backscatter events,
defined as eddies for which R(A, B) was larger
during the second half of Tlife, where A = B/2.
Even though this way of quantifying the predominance of forward cascade versus backscatter is
somewhat simplistic, it is important to keep such
event counts in mind because the trends that we
observed (Fig. 4) should not obscure the underlying bidirectionality. Large-eddy simulations,
which are extensively used in engineering and
meteorological contexts, require particular attention to the direction of the energy flux between the resolved and subgrid scales (16).
Our analysis illustrated the locality of the
energy exchanges and, more broadly, the phenomenology of the turbulent cascade. We looked
for and verified this statistically in physical space
with individual eddies of scales separated by factors of 2, 4, and 8. Future work could include
studying the interaction between eddies separated
by a factor of 3 or 1.5, together with a simulation
at larger scale separations where the smallest
scale is outside the viscous regime. Moreover, our
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Tackling the life and death of whirls
Energy in a turbulent system moves from large eddies to smaller ones until it is dissipated by viscous motion. The
details of exactly how this works have remained obscure, in part because of the challenge of simulating fluids across
many length scales in three dimensions over time. Cardesa et al. present a large numeric simulation of a water-like fluid
that shows characteristic length scales for the birth and death of turbulent whirls. The approach can be extended to
understand energy transfer in the atmosphere, plasmas, and other complex systems.
Science, this issue p. 782

