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Theory
A general framework to compute the x-ray ﬁeld after interaction with moving targets was developed in Ref. (31). Let us assume a general initial ﬁeld Ein (t). Its interaction with the resonant
nuclei can best be described in the rest frame of the target. For non-relativistic velocities, the
x-ray ﬁeld in the rest frame is Ẽin (t) = Ein (t) exp (−ikx(t)), where x(t) is the motion of the
target in the laboratory frame and k is the wave number. Its Fourier transform Ẽin (ω) is the
ﬁeld in frequency space. For the output ﬁeld we have Ẽout (ω) = Ẽin (ω) T (ω), where T (ω)
is the complex transmission function of the target at rest. The transmission functions T (ω)
used in our simulations were computed using the software package CONUSS (32) and include
the respective realistic material properties. Denoting the inverse Fourier transform of T (ω)
as E(t), we can alternatively compute the ﬁnal x-ray ﬁeld in the piezo frame Ẽout (t) via the
convolution Ẽin (t) ∗ E(t). Transforming the ﬁeld back into the laboratory frame, we have
Eout (t) = Ẽout (t) exp (ikx(t)). Note that this theory naturally covers the interaction of the x-ray
ﬁeld with the slow-moving Mössbauer drive as well.
In the following, we discuss the special case of a very short incident pulse in more detail.
This is the situation encountered for a synchrotron pulse, which is interacting with the ﬁrst target. Since the x-ray pulse is short compared to the nuclear lifetime, it can be well approximated
by the Dirac δ function,
Ein (t) ∼ δ(t) .

(S1)

In the rest frame of the target, the ﬁeld becomes Ẽin (t) = δ(t) exp (−ikx(0)). Next, the interaction with the target leads to the outgoing ﬁeld Ẽout (t) = [δ(t) exp (−ikx(0))] ∗ E(t) =
E(t) exp (−ikx(0)). Finally, after transformation back into the laboratory frame, the x-ray ﬁeld
becomes
Eout (t) = E(t)eik[x(t)−x(0)] .

(S2)

Up to a global phase, this constitutes the target response function E(t) modulated with the
displacement phase exp (ikx(t)), as illustrated in Fig. 1 in the main text.
For the case of a single-line resonance in the resonant nuclei, the response function E(t)
can be expressed analytically. This case is realized, e.g., for a stainless steel foil with resonant
57
Fe nuclei. We have (31)
�
b � √ � −γt/2 −iω0 t
E(t) = δ(t) −
e
θ(t) ,
(S3)
J1 2 bt e
t

where ω0 is the resonance frequency, γ the width, and

1
b = γσ0 fLM nd
4

(S4)

parametrizes the thickness of the target with resonant cross section σ0 , Lamb-Mössbauer factor
fLM , number density n and thickness d. θ(t) denotes the Heaviside step function and J1 is the
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Figure S1: Energy conservation, and effect of the delay between excitation and phase
jump. The left panel shows four idealized phase evolutions induced by the piezoelectric transducer. The gray curve is a reference without motion. In all three other cases, a phase jump of
π is applied, but at different delays after the excitation. The right panel shows corresponding
spectra, normalized to the input pulse spectrum. Electronic absorption is neglected for clarity.
Without motion, an absorption dip around nuclear resonance can be observed, whereas for the
cases with motion, essentially the same resonant enhancement is seen. The far off-resonant
behavior is shown on a logarithmic scale on the right. Note that only a tiny intensity range
around the normalized input pulse spectrum is shown. With motion, the intensity drops below
that of the input pulse in a certain range, indicating spectral redistribution and energy conservation. The results are obtained for a single-line stainless steel absorber with thickness parameter
b = γ.
Bessel function of the ﬁrst kind. If the target is driven by a δ(t)-like pulse, the temporal response
becomes
�
b � √ � −γt/2 −iω0 t ik[x(t)−x(0)]
Eout (t) = δ(t) −
J1 2 bt e
e
e
θ(t) ,
(S5)
t
and for the (normalized) spectral composition we have
�
Eout (ω) = E(t) eik[x(t)−x(0)] eiωt dt
� ∞�
b � √ � −γt/2 −i(ω0 −ω)t ik[x(t)−x(0)]
e
e
dt .
(S6)
J1 2 bt e
=1−
t
0

For a near-instantaneous displacement kx = π, the translational phase eik[x(t)−x(0)] becomes
−1, except at t = 0. Since the latter case has measure zero in the integral, we can approximate
eik[x(t)−x(0)] = −1 and evaluate the integral. We obtain
�
�
−ib
.
(S7)
Eout (ω) ≈ 2 − exp
ω − ω0 + i γ2

It is easily seen that this expression approaches unity for off-resonant frequencies and exceeds
the input spectrum around the resonance.
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Figure S2: Effect of non-instantaneous phase shifts on the enhancement mechanism. The
left panel shows three idealized phase evolutions induced by the piezoelectric transducer, as
function of time. The blue curve corresponds to an instantaneous phase jump, while the red
and green trajectories model phase shifts in different ﬁnite times. The right panel shows the
corresponding spectra. All motional patterns lead to substantial enhancement on resonance.
The instantaneous jump harvests an invisibly small amount of intensity at all frequencies of
the entire spectrum. The ﬁnite-time phase shifts harvest in smaller spectral regions, with width
inversely proportional to the shift time. Furthermore, the linear phase evolution corresponds
to a Doppler shift, which moves the center of the harvesting area away from resonance. The
gray curve in the right panel shows the spectrum without motion as a reference. The results
are obtained for a single-line stainless steel absorber enriched to 95% in 57 Fe with thickness
parameter b = γ (corresponding to a physical thickness of about 0.45 μm).

Spectral redistribution
In the derivation of Eq. (S7) an approximation in the translational phase was performed, such
that the integral could be solved analytically. In this case, it is apparent that energy conservation
is violated, as the total x-ray intensity exceeds that of the input ﬁeld. However, a full calculation reveals that spectral intensity is redistributed from off-resonant frequencies onto resonance,
thus satisfying energy conservation. This is illustrated in more detail in Fig. S1, where different
displacements kx = π at near-instantaneous times after excitation are considered. Computing
the normalized spectral intensity according to Eq. (S6), one observes the spectral boost on resonance. For off-resonant frequencies, however, the intensity drops below unity, indicating the
range from where spectral energy is harvested and redistributed onto resonance. This important
mechanism was not captured by the simpliﬁed analysis leading to Eq. (S7). With decreasing
time delay between excitation and displacement, this range becomes broader and at the same
time the absorption due to the harvesting decreases. In the limit of zero delay, resonant enhancement is achieved via vanishing additional absorption over the inﬁnite spectral range of the
entire spectrum and the spectral intensity approaches the estimate from Eq. (S7), while energy
conservation remains satisﬁed.
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Figure S3: Optimum motional pattern. The left panel shows four different phase evolutions.
The ﬁrst one (gray curve) is for the case without motion. The subsequent ones have a phase shift
by π immediately after the excitation. They differ in that they have no further phase shifts (blue),
or a π phase shifts in the next (red), or in the two following roots (green) of the Bessel function
(the so-called dynamical beats), see Eq. (S8). In the right panel, the corresponding spectra are
shown. It can be seen that without phase shift, the usual absorption curve is obtained. With
phase shifts, in all cases enhancement is achieved. However, the enhancement is optimized
by increasing the number of phase jumps. The results are obtained for a single-line stainless
steel absorber enriched to 95% in 57 Fe with thickness parameter b = 10γ (corresponding to a
physical thickness of about 4.5 μm). Note that energy-conservation is satisﬁed in all spectra,
via the mechanism illustrated in Fig. S1.

Non-instantaneous displacements
An instantaneous displacement of a resonant target as considered above is not viable in a realistic setting. Instead, it requires a ﬁnite amount of time. The effect of such displacement
durations is studied in Fig. S2. Next to an instantaneous phase jump, two motions with a ﬁnite
ramping time are considered. It can be observed that the spectral enhancement on resonance is
still present, however, its amplitude decreases with larger displacement times. The ﬁnite-time
phase shifts give rise to harvesting in a spectral range with width inversely proportional to the
shift time, which for the instantaneous jump results in an invisibly small amount of intensity
(see previous section) at all frequencies of the entire spectrum. The linear displacement is associated with a Doppler shift, which determines the position of the harvesting center. In all cases,
though, the mechanism responsible for the spectral boost on resonance is the displacement by
λ/2, not the Doppler shift due to the ﬁnite displacement time.

Upper limit of the spectral boost
Below, we determine the maximum spectral intensity which can be obtained with our method.
For simplicity, we consider the case of a single-line resonance again, since the transmission
function of the target possesses an analytical expression (Eq. (S3)).
In a ﬁrst step, we determine the normalized spectral intensity behind a single piezo target,
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Figure S4: Theoretical limit of the spectral boost. In the left panel, the maximum spectral
intensity which can be achieved with a single target on a piezo is shown. The result for a
prompt displacement of kx = π immediately after the excitation is shown in red, the ultimate
limit as determined in Eq. (S9) is shown in blue. Electronic absorption is [included/neglected]
in the [solid/dashed] lines. Results for two piezos, obtained with a Monte-Carlo optimization,
are shown in the right panel. All computations were performed for a single-line stainless steel
target, whose iron component is enriched to 95% in the resonant isotope 57 Fe.
driven by a synchrotron pulse. From Eq. (S6) we ﬁnd
I(ω) = |Eout (ω)|2
�� 2
��
�
�
� ∞ �b � √ �
�
�
≤ 1+�
dt
J1 2 bt e−γt/2 e−i(ω0 −ω)t eik[x(t)−x(0)] �
�
� 0
t
�
�2
� ∞ � � � √ ��
b�
� −γt/2
≤ 1+
dt
≡ Iopt ,
�J1 2 bt � e
t
0

(S8)
(S9)

where
the ﬁrst� “≤” is due to |α + β| ≤ |α| + |β|, and the second due to the generalization
�
| f (t)dt| ≤ |f (t)|dt. A comparison of Eqs. (S8) and (S9) shows that the optimum harvesting
intensity Iopt can in fact be realized on resonance ω = ω0 . For this, x(t) must be chosen in such
a way that it cancels the sign ﬂips of the Bessel function J1 for all times t. This can be achieved
if x(t) jumps once by (2n
√ + 1)λ/2 immediately after the excitation, and subsequently again
at each sign ﬂip of J1 (2 bt). This is illustrated in more detail in Fig. S3. For an increasing
number of jumps the spectral intensity on resonance I(ω0 ) approaches the optimum Iopt . For
targets of moderate thickness, a single jump immediately after the excitation well approximates
the optimum jump sequence.
The maximum spectral boost increases continuously with the thickness parameter b, however at the same time the electronic non-resonant absorption increases as well. Both effects
lead to an optimum sample thickness, at which the highest spectral intensity can be achieved.
Consequently, a strong nuclear scattering connected with small electronic absorption, as it is
6

the case for samples enriched in their resonant isotope, is beneﬁcial. In Fig. S4 we illustrate
the maximally achievable spectral ampliﬁcation for the case of a stainless steel target, enriched
in 57 Fe. It can be seen that a maximum enhancement of approximately 8 is obtained. Similar
calculations show that for the case of a α-Fe target, a maximum enhancement of about 12 can
be achieved, due to the lower electronic absorption for the same number of resonant nuclei.
Next, let us brieﬂy discuss the situation of multiple piezo stages. In those cases, the expression for the scattered light acquires a more complex time dependence due to the convolved
piezo responses and a meaningful theoretical limit cannot be derived analytically anymore. Instead, for the case of two piezos, we performed numerical simulations and optimized the piezo
motions via an evolutionary algorithm with the aim to increase the maximum spectral intensity.
To this end, we allowed for up to ﬁve independent jumps in the position of the two piezos as
function of time. This parametrization may not cover the optimum motions, but will certainly
provide a reasonable lower limit of the maximally achievable spectral boost. The results are
shown in the right panel of Fig. S4. It can be observed that the maximum performance of a
single target can be easily beaten with two piezo stages.
Finally, we would like to comment on the limited longitudinal coherence of synchrotron or
XFEL pulses. Using numerical simulations based on partially coherent x-ray pulses (33), we
conﬁrmed that the angular spectral coherence width σcoh is inversely proportional to the temporal duration τ of the pulse, and the product τ σcoh converged for a broad range of pulses with
relevant durations and spectral widths to an universal constant of order 10. For a synchrotron
pulse duration of 10 − 100 ps, we thus estimate the coherence width to be of order 104 natural
line widths of the 57 Fe resonance, such that the spectral coherence is not a limitation to our
scheme for switching times on the nanosecond scale.

Samples
The piezoelectric transducers consist of a polyvinylidene ﬂuoride (PVDF) ﬁlm (thickness 28
and 52 μm, models DT1-028K/DT1-052K, Measurement Specialties, Inc.). The piezos were
glued on a plexiglas backing and were driven by arbitrary-function generators (model Keysight
81160A-002). For the resonant nuclear targets, which were glued to the piezo ﬁlms, we used
α-iron foils with thicknesses of ≈ 2 μm, enriched to about 95% in 57 Fe. An external magnet
was used to align the magnetization of the targets and the setup was arranged such that only
the two Δm = 0 hyperﬁne transitions of the 14.4 keV resonance in 57 Fe were driven. The
single-line analyzer used on the Mössbauer drive was a stainless steel foil, also enriched in 57 Fe
and with thickness 1 μm. For all targets the temporal response after a prompt x-ray excitation
was measured and from these time spectra the exact material properties could be determined
with CONUSS (32). Only minor deviations from the projected two- and single-line targets due
to isomer shift distributions were found.
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Figure S5: Tailoring the nuclear response over a wider spectral range. This ﬁgure shows
results as in Fig. 2 of the main text, but for a different motional pattern of the piezo, measured
at the High Resolution Dynamics Beamline P01 of PETRA III, DESY, Hamburg. It can be seen
that the piezo motions with larger amplitude lead to strong manipulations of the spectrum over
a range of about 200 natural linewidths, demonstrating the potential for further improvement of
the resonant intensity enhancement or comprehensive x-ray spectral shaping.

Detection
The narrow linewidth of Mössbauer resonances associated with their high transition frequencies
renders a direct x-ray pulse characterization challenging. For energy analysis of the radiation
transmitted through the piezo target, we used a stainless steel foil, enriched in 57 Fe, acting as
a single-line analyzer. It was mounted on a Doppler drive, where a constant motion with velocity v translates in a Doppler shift-induced detuning ΔD = ω0 v/c of its resonance frequency
relative to the nuclear transition. Scanning the Doppler detuning ΔD across the 57 Fe resonance
allowed us to record time- and energy-resolved spectra for the combined system of target and
analyzer (see Refs. (8, 13)).

Reconstruction of the piezo motion
In the experiment our piezos were periodically driven by an arbitrary-function generator. However, they will in general not directly follow the applied pattern on fast time scales due to their
inertia and due to signal dispersion and bandwidth limitations in the transmission from electric
voltage to mechanical motion. We reconstructed their actual motion from the measured data
as follows. Starting with a random piezo motion x(t), the theoretically expected time- and
energy-resolved spectrum is computed and compared with the measured data. An evolutionary
algorithm is used to successively optimize x(t) until the theoretical predictions converge to the
8

experimental data. Repeated applications of the method yield nearly identical results for the
ﬁrst 60 ns after excitation. To reconstruct the complete periodic motion, we recorded several
datasets for which the respective moments of the x-ray excitation were temporally shifted in
steps of less than 30 ns. Reconstructing the respective displacement fragments as explained
above allows one to cover the complete period of the piezo displacement function x(t). Overlapping ranges stemming from different reconstructions are in very good agreement and thus
serve as a further cross-check of this reconstruction method.

Addressing a broader spectral range
Fig. S5 shows experimental results obtained for piezo motion of larger amplitude, recorded at
the High Resolution Dynamics Beamline P01 of PETRA III, DESY, Hamburg (34). Like Fig. 2
in the main text recorded at the Nuclear Resonance Beamlime ID18 of ESRF, Grenoble (35),
panel A shows the setup, and B the recovered motion. The piezo-induced displacements are
more than one order of magnitude larger than those reported in Fig. 2 of the main text, due
to a larger voltage applied to the piezo. As a consequence, the spectra shown in C, D are
manipulated over a spectral range of about 200 natural linewidths.

Additional measurements
Additional experimental data for the cases shown in Figs. 2 and 3 in the main text and in Fig. S5
are presented in Fig. S6. The time- and energy resolved spectra integrated over a larger number
of time ranges are shown, together with theoretical ﬁts. The good agreement over the full time
span indicates that the reconstruction of the motion of the samples is reliable. As explained in
the main text, theory curves for Fig. S6C are computed using only the single-piezo results.
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Mössbauer detuning ΔD [γ]

−100
0
100
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Mössbauer detuning ΔD [γ]

−100
0
100
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Figure S6: Additional measurements. Time- and energy resolved spectra integrated over
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Figure S7: Wigner representation
Panels A and B show the theoretical
� of theτ x-ray ﬁeld.
τ ∗
Wigner representations W (t, Δ) = E(t+ 2 )E(t − 2 ) exp (iΔτ )dτ of a Lorentzian pulse and
of a double-Lorentzian pulse with splitting 62γ, respectively. It can be seen that the coherence
of the two contributions in B results in a pronounced interference pattern around Δ = 0. In C
and D the reconstructed Wigner representations of the measured x-ray pulses are shown. Data
shown in C involves no motion of the target, while D corresponds to the pulse shown in the
upper panel of Fig. 2D in the main text, for which a strong enhancement at the resonances was
achieved. The similarity of B and D is well visible. In all panels the projections along the timeand frequency axes are shown in addition.
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