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Supplementary Text
Numerical convergence
We have checked the numerical convergence of our DMRG simulations regarding
spin rotational symmetry. It is known that in a finite-size system in one dimension or two
dimensions, there can be no spontaneous breaking of continuous symmetry. Therefore,
the SU(2) spin rotational symmetry of the Hubbard model Hamiltonian cannot be broken
in the true ground state. This can be considered as one of the key signatures to determine
whether a DMRG simulation has converged to the real ground state.
Our approach to address this issue takes two routes. First, we determine the
expectation value of the z-component of the spin operator, i.e., ⟨𝑆𝑆𝑖𝑖𝑧𝑧 ⟩, where i labels the
lattice site. Since the ground state is an equal-weight superposition of |𝑆𝑆 𝑧𝑧 = 1/2⟩ and
|𝑆𝑆 𝑧𝑧 = −1/2⟩ spin states, then ⟨𝑆𝑆𝑖𝑖𝑧𝑧 ⟩ = 0 for all sites i. A simple measurement of this
𝑧𝑧
condition is to define a quantity 𝑚𝑚𝑧𝑧 = ∑𝑁𝑁
𝑖𝑖=1|⟨𝑆𝑆𝑖𝑖 ⟩|/𝑁𝑁, which should vanish as the DMRG
simulation converges to the true ground state. In all of our DMRG simulations with 𝑡𝑡 ′ =0.25, we find that 𝑚𝑚𝑧𝑧 = 0 even when we keep a relatively small number of states, as
shown in Fig. S1, suggesting that our simulations have converged. Unfortunately, for
𝑡𝑡 ′ =0, in which a much larger number (m=20000) of states are kept, a finite 𝑚𝑚𝑧𝑧 > 0 is
obtained, although it decreases rapidly with m. Second, the SU(2) spin rotational
𝑦𝑦 𝑦𝑦
symmetry requires that the relation �𝑆𝑆𝑖𝑖𝑥𝑥 𝑆𝑆𝑗𝑗𝑥𝑥 � = �𝑆𝑆𝑖𝑖 𝑆𝑆𝑗𝑗 � = ⟨𝑆𝑆𝑖𝑖𝑧𝑧 𝑆𝑆𝑗𝑗𝑧𝑧 ⟩ holds between two
arbitrary sites i and j. This relation again is fulfilled in our simulations, which is contrary
to the case of 𝑡𝑡 ′ =0. In addition to spin rotational symmetry, other symmetries including
both the lattice translational symmetry in 𝑦𝑦� direction and reflection symmetry in 𝑥𝑥�
direction are also fulfilled. Therefore, we conclude that our simulation for 𝑡𝑡 ′ =-0.25 has
converged to the true ground state.

Further calculation details
To reliably describe ground state properties, we have explored the role of
cylindrical size and boundary effects. In the current study we typically start our
calculation with a random state. However, to elucidate the reliability of our results, we
also check our calculations by adding a pinning field with the appropriate wavelength to
stabilize a CDW state, for example. We find that in all the cases it is sufficient to add the
pinning field during the initial sweeps of the calculation and ramp its amplitude to zero in
a few subsequent sweeps. This happens only for the smallest number of states that we
have considered, i.e., m=4096, while for the larger calculations with m>4096 it is not
necessary to hold a finite (even vanishingly small) pinning field to stabilize the charge
stripe pattern. This gives us the same results as we start from a completely random initial
state without any pinning field, which undisputedly proves the reliability of our study.
Moreover, there is no pinning pair-field to stabilize superconductivity throughout our
DMRG calculation.
Ground state energy
In the insets of Fig. S2, we show examples of truncation error 𝜖𝜖 extrapolation of
the energy per site 𝑒𝑒0 = 𝐸𝐸0 /𝑁𝑁, where 𝐸𝐸0 is the total energy of a system with N lattice
sites, for 𝐿𝐿𝑥𝑥 =64 cylinders at doping level 𝛿𝛿=12.5% and 𝑡𝑡 ′ =-0.25 for U=8 (Fig. S2A) and
U=12 (Fig. S2B). By keeping m=4096~20000 number of states, we are able to converge
to the true ground state of the system by preserving all symmetries of the Hamiltonian,

including the SU(2) spin rotational symmetry, lattice translational symmetry in 𝑦𝑦�
direction and reflection symmetry in 𝑥𝑥� direction. The truncation error extrapolation using
a linear function with m=6000~20000 gives us 𝑒𝑒0 =-0.76583(1) for U=8 and 𝑒𝑒0 =0.65104(1) for U=12. The ground state energy 𝑒𝑒0 of other cylinders can be obtained
similarly. Finally, we can obtain accurate estimates of the ground state energies in the
long cylinder length limit, i.e., 𝐿𝐿𝑥𝑥 = ∞, by carrying out finite-size scaling as a function of
the inverse cylinder length. The extrapolation to the limit 𝐿𝐿𝑥𝑥 = ∞ for doping level
𝛿𝛿=12.5% is shown in Fig. S2, in which all energies for cylinder lengths 𝐿𝐿𝑥𝑥 =16~64 for
U=8 and 𝐿𝐿𝑥𝑥 =16~64 for U=12 fall perfectly onto a linear fit, with a linear regression 𝑅𝑅 2
larger than 99.999%. This gives an energy 𝑒𝑒0 =-0.76965(2) for U=8, and 𝑒𝑒0 =-0.65409(1)
for U=12 in the long cylinder limit 𝐿𝐿𝑥𝑥 = ∞. For comparison, we have also obtained the
ground state energy 𝑒𝑒0 =-0.7661(2) for U=8 and 𝑡𝑡 ′ =0 in long cylinder limit, which is
consistent with previous studies (3).

Convergence of superconducting correlations
Fig. S3A shows the SC pair-field correlation function Φ𝑦𝑦𝑦𝑦 (𝑥𝑥) for x=1~32 in 𝑥𝑥�
direction on a 𝐿𝐿𝑥𝑥 =64 cylinder by keeping m=4096~20000 states, at doping level
𝛿𝛿=12.5%. The purple triangles label the extrapolated values to the limit 𝜖𝜖=0, i.e., m=∞,
using quartic polynomials, which is consistent with a power-law decay Φ𝑦𝑦𝑦𝑦 (𝑥𝑥) ∝
|𝑥𝑥|−𝐾𝐾𝑠𝑠𝑠𝑠 , as indicated by the red solid line.
Fig. S3B plots the extrapolated Φ𝑦𝑦𝑦𝑦 (𝐿𝐿𝑥𝑥 /2) on cylinders of length 𝐿𝐿𝑥𝑥 =16~64 at
doping level 𝛿𝛿=12.5%, again fitted by different orders of polynomial functions. The black
squares label the extrapolated Φ𝑦𝑦𝑦𝑦 (𝐿𝐿𝑥𝑥 /2) using a quartic polynomial (Poly4), while the
red circles denote the results fitted by a quadratic polynomial, keeping up to m=10000
states (Poly2-small). For contrast, the blue triangles represent results fitted by the same
quadratic polynomial function but only using 5 data points with the largest number of
states (Poly2-large) for each cylinder. From the figure we can clearly see that both Poly4
and Poly2-large fittings are consistent with each other and enough to capture the longdistance behavior of the SC pair-field correlation, while the Poly2-small fitting by
keeping up to m=10000 is not. This may explain the absence of long-range
superconductivity in previous DMRG studies.
Finally, we have also calculated the 2-leg Hubbard ladder with U=8 and 𝑡𝑡 ′ =0 at
doping level 𝛿𝛿=12.5%. The superconducting correlation Φ𝑦𝑦𝑦𝑦 (𝐿𝐿𝑥𝑥 /2) is shown in the inset
of Fig. S3B. The extracted superconducting exponent 𝐾𝐾𝑠𝑠𝑠𝑠 =1.01(1) using system with
length 𝐿𝐿𝑥𝑥 =64~128, which is in excellent agreement with (14), providing additional
evidence for the reliability of our study.
Friedel oscillations of the density profile and density-density correlation function
Alternatively, the exponent 𝐾𝐾𝑐𝑐 can be extracted by fitting the Friedel oscillation,
which is induced by the open boundaries of the cylinder, of the charge density
distribution (25). In this work, we use 𝑛𝑛(𝑥𝑥) = 𝑛𝑛0 + 𝛿𝛿𝛿𝛿 ∗ cos(2𝑘𝑘𝐹𝐹 𝑥𝑥 + 𝜙𝜙)𝑥𝑥 −𝐾𝐾𝑐𝑐/2 to fit the
local density profile to extract the Luttinger exponent 𝐾𝐾𝑐𝑐 . Here, 𝛿𝛿𝛿𝛿 is the non-universal
amplitude, 𝜙𝜙 is a phase shift, 𝑛𝑛0 is the background density and 𝑘𝑘𝐹𝐹 is the Fermi
wavevector. An example is given in the inset of Fig. S4 for 𝐿𝐿𝑥𝑥 =64 cylinder at doping
level 𝛿𝛿=12.5% with rung index x=1~𝐿𝐿𝑥𝑥 /2 by keeping m=20000 states. The main panel

shows the extracted value of 𝐾𝐾𝑐𝑐 from the 𝐿𝐿𝑥𝑥 =64 cylinder at the same doping level. In the
limit of m=∞, the extracted exponent from 𝐿𝐿𝑥𝑥 =64 cylinder is consistent with that
determined from 𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐 (𝐿𝐿𝑥𝑥 ) as shown in Fig. 2.

Additional numerical check of the filled stripe phase
We have checked the 𝑡𝑡-𝑡𝑡 ′ -𝐽𝐽 model at doping level 𝛿𝛿=12.5% and 𝑡𝑡=3𝐽𝐽 and 𝑡𝑡 ′ =𝐽𝐽/4
with a filled charge stripe ground state (20) and reached the same conclusion as for the
Hubbard model at 𝑡𝑡 ′ =0 with a true long-range CDW order (Fig. S5A) but with
exponentially decaying SC pair-field correlation (Fig. S5B) (26).

Fig. S1. Numerical convergence of Hubbard model. Magnetic moment 𝑚𝑚𝑧𝑧 =
1 𝑁𝑁
∑ |⟨𝑆𝑆𝑖𝑖𝑧𝑧 ⟩| as a function of number of states m or truncation error 𝜖𝜖 of the Hubbard
𝑁𝑁 𝑖𝑖=1
model at doping level 𝛿𝛿=12.5% on 𝐿𝐿𝑥𝑥 =64 cylinders for 𝑡𝑡 ′ =0 and U=8 (black squares),
𝑡𝑡 ′ =-0.25 and U=8 (red circles) and U=12 (blue triangles).

Fig. S2. Ground state energy of the Hubbard model. Ground state energy per site 𝑒𝑒0
for 𝛿𝛿=12.5% as a function of the inverse cylinder length 𝐿𝐿𝑥𝑥 for (A) U=8 and (B) U=12.
Insets: Examples of truncation error 𝜖𝜖 extrapolation of 𝑒𝑒0 for 𝐿𝐿𝑥𝑥 =64 cylinders at doping
level 𝛿𝛿=12.5% for (A) U=8 and (B) U=12. The red lines show the extrapolation using a
linear function.

Fig. S3. Convergence of superconducting correlations. (A) SC correlation Φ𝑦𝑦𝑦𝑦 (𝑟𝑟) on
a 𝐿𝐿𝑥𝑥 =64 cylinder for 𝛿𝛿=12.5%, keeping m=4096~20000 states in the double-logarithmic
plot, where r is the distance between two Cooper pairs in the 𝑥𝑥� direction. The red line
represents a power-law fit in the limit m=∞ with r=1~𝐿𝐿𝑥𝑥 /2. (B) Extrapolated Φ𝑦𝑦𝑦𝑦 (𝐿𝐿𝑥𝑥 /2)
using a quartic polynomial (Poly4) and quadratic polynomial (Poly2) function in a
double-logarithmic plot. Inset: The SC correlation Φ𝑦𝑦𝑦𝑦 (𝐿𝐿𝑥𝑥 /2) on a 2-leg Hubbard ladder
for U=8 and 𝑡𝑡 ′ =0 at doping level 𝛿𝛿=12.5%.

Fig. S4. Friedel oscillation of the charge density profile and Luttinger exponent 𝑲𝑲𝒄𝒄 .
Luttinger exponent 𝐾𝐾𝑐𝑐 extracted from the local density profile 𝑛𝑛(𝑥𝑥) with Friedel
oscillations on a 𝐿𝐿𝑥𝑥 =64 cylinder for 𝛿𝛿=12.5%, by keeping m=4096~20000 states. The
blue line represents the exponents determined from 𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐 (𝐿𝐿𝑥𝑥 ). Inset: Fit of 𝑛𝑛(𝑥𝑥) (solid
line) on a 𝐿𝐿𝑥𝑥 =64 cylinder using function 𝑛𝑛(𝑥𝑥) = 𝑛𝑛0 + 𝛿𝛿𝛿𝛿 ∗ cos(2𝑘𝑘𝐹𝐹 𝑥𝑥 + 𝜙𝜙)𝑥𝑥 −𝐾𝐾𝑐𝑐/2 where
x=1~𝐿𝐿𝑥𝑥 /2 is the rung index.

Fig. S5. The CDW and SC correlations in the filled stripe phase. Finite-size scaling of
(A) the CDW amplitude 𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐 (𝐿𝐿𝑥𝑥 ) in double-linear scale and (B) the SC correlation
function Φ𝑦𝑦𝑦𝑦 (𝐿𝐿𝑥𝑥 /2) in semi-logarithmic scale of the 𝑡𝑡-𝑡𝑡 ′ -𝐽𝐽 model at doping level
𝛿𝛿=12.5% with 𝑡𝑡 = 3𝐽𝐽 and 𝑡𝑡 ′ = 𝐽𝐽/4 with filled charge stripe ground state. The red line in
(A) is the fit using second-order polynomial function and in (B) is the fit using
exponential function.
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